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We advocate a new approach to study models of fermion masses and mixings, namely, the anarchy proposed
by Hall, Murayama, and Weiner. In this approach, we scarQtfie) coefficients randomly. We argue that this
is the correct approach when the fundamental theory is sufficiently complicated. Assuming that there is no
physical distinction among three generations of neutrinos, the probability distributions in Maki-Nakagawa-
Sakata mixing angles can be predicted independent of the choice of the measure. This is because the mixing
angles are distributed according to the Haar measure of the Lie groups whose elements diagonalize the mass
matrices. The near-maximal mixings, as observed in the atmospheric neutrino data and as required in the large
mixing angle solution to the solar neutrino problem, are highly probable. A small hierarchy behmeefor
the atmospheric and the solar neutrinos is obtained very easily; the complex seesaw case gives a hierarchy of
a factor of 20 as the most probable one, even though this conclusion is more measure depepdtiastto be
just below the current limit from the CHOOZ experiment. TB@-violating parameter sid is preferred to be
maximal. We present a simpBU(5)-like extension of anarchy to the charged lepton and quark sectors that
works well phenomenologically.
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[. INTRODUCTION the top quark. It simply demands us to go back to the naive
expectation: unless there are definite quantum numbers for
The seemingly useless repetition of families has been ¢ree neutrino flavor states to be distinguished, they should
big puzzle in particle physics since the discovery of thefully mix and have comparable masses. We are proposing
muon. Even more puzzling has been the fact that the patthis simple change in the perspective. One may suspect,
ticles in three families, despite their exact same gauge quatowever, that this naive expectation would not lead to the
tum numbers, have hierarchical masses and small mixingpparent “maximal mixing” and the hierarchy between the
angles. It appears, however, that we have lost the sense tio Am? values required to explain atmospheric and solar
initial surprise, having been accustomed to hierarchicaheutrino data. It was pointed out that a seesaw mass matrix
masses and small mixings. The very reason for the puzzlwithout a particular structure should appear random from the
was the following simple naive expectation: the quantumlow-energy point of viewanarchy and that a random matrix
mechanical states with the same quantum numbers are likeyan well account for the observed pattern of neutrino mass
to have similar energies and should mix significantly. Havingand mixings[1].
tried to explain the hierarchy and small mixing angles for Therefore, it appears phenomenologically viable to con-
decades, we seem to have forgotten what the naive expectsider all mass matrix elements for neutrinos within the see-
tion was. saw mechanism for small neutrinos to B¢1) without a
There was a revolution when the top quark was finallyparticular structure: anarchy. However, one should ask if any
discovered. We were used to the idea that the weak gaug# the results based on this idea would depend on the par-
bosons are heavy while the quarks and leptons are lighticular choice of the measure. We show that the key require-
During the search for the top quark for almost two decadesment is that the measure should not depend on the choice of
we used to question why the top quark is so heavy, i.e.the basis with which the matrix elements are defined. Once
beyond the reach of the experiments. After the discovery ofhis requirement of basis independence is made, distributions
the top quark, however, we realized that the top quark hasver the mixing angles are determined by the invariant Haar
the most natural mass among all quarks and leptons becaus®asure of the diagonalization matrices as we will see in
its Yukawa coupling to the Higgs boson condensatdis Sec. lIl.
=1.0 similar to the gauge coupling constargs-0.3, g We first present the concept of anarchy in Sec. Il. We
=0.8, gs=1.2. Now we think that the puzzle is not why the argue that the anarchy is an alternative approach to tradi-
top quark is heavy, rather why all the other quarks and leptional model building, that is applicable to wider range of
tons are light. theories. In Sec. Ill, we show how the distributions in the
In our opinion, the near-maximal mixing in the atmo- Maki-Nakagawa-SakatdMNS) mixing angles can be ob-
spheric neutrino data from the super-Kamiokande experitained from anarchy. The assumed lack of fundamental dis-
ment is another revolution of the same kind as the case witkinction among three generations of neutrinos implies the
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basis independence of the measure. Then the distributions the low-energy coupling constants depend on many coupling
mixing angles are obtained solely by the Haar measure of theonstants, many vacuum expectation vali¥gVs), and
group that diagonalizes the mass matrices. The predicted dissany inverse masses and small deviations of coupling con-
tributions are contrasted to the experimental data in Sec. IVstants from unity get amplifietlin the end we expect that
Anarchy, however, raises another question: why the chargeghe low-energy coupling constants are somewhat randomly
leptons, down quarks, and especially up quarks have hieragistributed around unity. Even the famous prediction of the
chmgl masses and small mixings. We introduce a s!mple apsy(s) grand-unificatioanzmI, wheremp and m, are
proximateU(1) flavor symmetry that can answer this ques-q,yn" quark and charged lepton Dirac mass matrices, is
tion, in Sec. V. In Sec. VI, we conclude our discussion. likely to be spoiled by the mixing of many vectorlike par-
ticles at the GUT-scale picking the GUT-breaking VEVs. In
Il. ANARCHY the limit of large number of vectorlike particles mixed with
each other, the low-energy coupling constants become com-
letely randomized.
In all the above examples, seemingly rand®i) coef-
{icients arise in the low-energy effective theories as a conse-

of view. A fundamental theory should determine 1B€1) guence of the lack of precise knowledge of the fundamental
constants, but if it is sufficiently complex tli&(1) constants theory. Once the dynamics of the fundamental theory is com-

indeed likely appear random. Even though it is difficult to PIetely understood, which we hope to do with the lattice
quantify the randomness of t@(1) constants, what should QCD on the first example, the seemingly randoii ) num-
appear random are the parameters in the Lagrangian such hgrs can bg predicted. Stlll, in the absencg .of a fundamental
Yukawa matrix elements, rather than the physical observih€ory behind the fermion masses and mixings, as opposed
ables such as masses and mixing angles, that are defined ofythe case of the hadronic physics where we know that the
after diagonalization of matrices in the Lagrangian. ThereQCD is the fundamental theory, we should attempt to obtain
fore, we take the point of view that the individual elementssome quantitative results without relying on the details of the
of the Yukawa or mass matrices are distributed randomly. dynamics.

The idea of randon®(1) constants is used commonly in ~ We know of a perfectly sensible and beautiful theory of
many different contexts. For instance, in the chiral Lagrangthis kind: statistical mechanics. When studying a collection
ian description of the low-energy hadron physics, one ofterof an astronomical number of particles, e.g., Avogadro num-
faces the situation that one cannot predict the coefficient ober, it is hopeless to measure the position and the momentum
the operators in the chiral Lagrangian from the correspondef each particle precisely to predict the configuration of the
ing operator written in terms of quarks and gluon fields.particles in the future, even in the deterministic classical me-
Even though there should be, in principle, one-to-one correchanics. However, the large number of particles allow us to
spondence between the Wilson coefficient in the QCD angejieve that the motion of particles is completely randomized
the coefficient of chiral Lagrangian operators, it is beyondynger various symmetry requirements such as conservation
the scope of current tephniques. I_n this kind o_f situation, onegy charges, number of particles, energy, etc., at least on av-
often revokes the “naive dimensional analysis” where oneg aqe We can draw quantitative conclusions out of the ran-

assutrrr:ets t?]m(l) (f:f(_)e_fflct|e_nt unless the(;e l'f a ?mietry_;eta'domness on the statistical basis. We cannot predict the pre-
son that the coetticient IS suppressed. For Instance, 1t twa,q. configuration of particles at a given instant. However,

chiral Lagrangian operators contribute to a single process at . L . .
we can predict the distributions in momentum, energy, posi-
the same order, people often argue that there should not k%e

. o n, etc., with confidence.
any severe cancellations between two contributions unleséowﬁai \'/ve a d\igca:jeeiscg similar statistical treatment on the
there is a reason for it. Similar situation arises, for instance,

if some of the particles in the standard model are actua”feem.ingly randon@(l_) coeffic.ients in 'OW'e”efQY effective
composite. From the point of view of the low-energy effec- theories consistent with certain symmetry requirements. We

tive theory, the couplings are ab(1) without a particular SC@n over thé(1) coefficients randomly. However, an im-
pattern, i.e., random. portant question that arises here is what measure is to be

In most compactifications of the superstring theory,_used for the random scan. In the case of statistical mechan-

Yukawa couplings among light degrees of freedom ardCS: Boltzmann distribution is justified as a consequence of
O(1), sometimes zero. It is quite unusual to have smalithe interaction between the relevant system and the infinitely

Yukawa couplings, of the order of 16, for the electron large heat reservoir. In our case, the choice of a particular

whenever there is no reason that they are suppressed. FrdffpiriPution appears unwarranted. Nonetheless, one may ob-

the point of view of the low-energy effective field theory, the tin distributions out of the random scan over Dgl) pa-

O(1) couplings do not seem to have any particular patterr]r,ameters that do not depend on the choice of a particular

ie. random. measure; then such distributions can be regarded as rigorous
In grand-unified theoriedGUTS) or Froggatt-Nielsen

models of flavor, one introducequite a few vectorlike par-

ticles that become massive at a certain energy scale and delin fact, the seesaw mechanism can be viewed as the simplest

couple. Even if all coupling constants are very close to unity example, which does amplify the hierarchy, as seen in Sec. Il E.

The idea of anarchy is simple: all coefficients of operator
that do not have particular reasons to be small, i.e., allowe
by symmetries of the theory, af@(1) and do not have par-
ticular pattern, i.e., appear random from the low-energy poin
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predictions ofanarchy® As we will see below, the mixing each independent matrix element is distributed randomly.
matrices among neutrinos can be predicted from anarchy arfsince a Majorana mass matrix is a symmetric matrix, there

be compared to the experimental situations. are only three parameters
Anarchy is a complimentary approach to the traditional
model building. Traditionally, one attempts to write down a _ M1 My,
complete model of flavor by imposing a certain symmetry " IMp My (1)

that (hopefully) forbids all unwanted operators while ex-

plaining the observed structure of masses and mixings. Wand we assume the matrix elements to be real for simplicity
would call this “monarchy” approach, as one aims for a of the discussion. One can rewrite this matrix in terms of
model that is constrained tightly by the symmetries imposeghysical observables,

and the particle content assumed with little freedom so that ]

the model is predictive. Then one hopes that the nature chose _ Am(—cos2 sin26
that particular model. The advantage of this approach is that M., = Maverage™ 2 | sin26  cos2)
the model is predictive by design. The disadvantage is that it

tends to become rather contrived and is not necessarily wortBased on the assumption that the matrix elemevits,
believing. The whole idea is based on the optimism that théM ,,, M,, are distributed randomly, we can qualitatively un-
high-energy physics is rather simple so that we @rentu- derstand how the mixing angle is distributed. By rewriting
ally) test it directly from the low-energy observables. Anar-the volume elemerdM;/AdM;,/\dM,, in terms of the ob-
chy is the opposite approach. We impose as little as possibleervables, we find

Based on the statistical method, we try to figure out the ten-

dency of the consequences from a given framework on the ~ dM1/\dM1/\dMg=AMdMyerag\d(AM)AdE, (3)

low-energy physics. This approach is certainly not predic- ) ) .
tive, while it can be powerful enough so that it is applicable@nd the volume islat with respect to the mixing angléWe

even in the situation where the high-energy physics is exWill omit the wedge symbol below.Then the distribution in
tremely complicated. This way, we can test if a certains'”229 is naturally peaked at zero and the maximal angles

simple idea is viable or not without going into details of 1
particular models. de

2

~ 4cosPsin 26d(sir1220). @)

lll. ANARCHY OF NEUTRINOS Note that the measu over the angle is the invariant Haar

In this section, we apply the anarchy approach to the neumeasure of th&J(1) group.
trino mass matrices. The fundamental assumption of our In the realistic situation, we should consider a complex
analysis is that there is no physical distinction among thrednatrix. As suggested by the phenomenological success of
generation of lepton doublets. We would like to test thisKobayashi-Maskawa theory @P violation, nature appears
assumption by working out its consequences using the stati$0 have chosen complex Yukawa matrices. Then all the three
tical method as discussed in the previous section. The kelpdependent elements of the matrix E4) are complex.
requirement is that the measure should not depend on tHeorrespondingly, the diagonalization matrix is unitary. It can
choice of the basis with which the matrix elements are de@lways be diagonalized by a unitarity mattik
fined because there is no physical distinction among the three
generations by assumption. Once this requirement of basis M :U(ml 0 )UT (5)
independence is made, distributions over the mixing angles g 0 my ’
are determined by the invariant Haar measure of the diago-

nalization matrices. where the unitarity matrixJ can be parametrized as
iw i i$
A. A simple two-by-two case U=egi? € O_ cos§  sing) (e O. . (6)
e @)\ —sind cosg)/\ 0 e ¢

It is instructive to study the consequence of a simple two-

by-two Majorana mass matrix for neutrinos assuming thalye chose this parametrization such that the anglesid »

are unphysical. They can be absorbed by rephasing into the
definition of the flavor and mass eigenstates. The atgie
2t is interesting to note that one of the definitions of the word a C P-violating phase, even though it does not appear in neu-
anarchy is “a utopian society of individuals who enjoy complete trino oscillation for this two-flavor case. The measure for the
freedom without government” according to Merriam-Webster's matrix elements can then be rewritten as
Collegiate dictionary[2]. This definition is commensurate with
what anarchism is: a political theory holding all forms of govern- d?M 1,d%M 1,02M 5= (m%— mf)dmﬁd m%dU, (7)
mental authority to be unnecessary and undesirable and advocating
a society based on voluntary cooperation and free association afhere the measure over the angles is the invariant Haar mea-
individuals and group$2]. Therefore we can hope to obtain phe- sure over thdJ(2) group
nomenologically successful theory of neutrino masses and mixings
out of seemingly random numbers from anarchy. dU=d(sirf6)dypdwde (8)
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up to a normalization constant. Note that the distributiofl in measure cannot be changed by the choice of the measure,
is peaked even more strongly at the maximal mixing and hence the distributions of the angle above are predictions
of anarchy. Exactly the same argument goes through for the
Dirac and seesaw mass matrices.

Of course one should consider the diagonalization of the
charged lepton mass matrix as well since the MNS matrix is

We therefore conclude that a mass matrix without a parthe mismatch between two diagonalization matrices, one of
ticular structure would lead to a near-maximal mixing quitethe neutrinos and the other of the charged leptons. However,
often. This observation should be contrasted to the widethe translational invariance of the Haar measure guarantees
spread perception that a near-maximal mixing in the atmothat the diagonalization of the charged lepton mass matrix

d(sirf9)=2 sinf cosgdo= d(sirf26). (9

4 cosd

spheric neutrino data is very special. can be absorbed into the Haar measure and hence the Haar
measure gives the distributions of the Maki-Nakagawa-
B. Why Haar measure? Sakata(MNS) angles. We consider a random scan over both

In general, the measure over the angles are given solely ithe neutrino mass and the charged lepton mass matrices. For
terms of the invariant Haar measure over the relevant groug partlcuj?r pick of the charged lepton mass matid
This is true as long as the measure does not depend on tfie!1DiUe ", we still scan over the neutrino mass matrix
basis with which the matrix elements are defined. The prooM.=U,D,U, , which we assume to be a complex Majorana
is very simple. Since we discuss seemingly random mas®atrix again for definiteness. The measure is given, in gen-
matrix of neutrinos here, the measure with which we scan théral, by
parameter space should not depend on a particular choice of
the basis of neutrino states. This is the central assumption of dMidM,=f(m,Uc)g(m, )dm dm, dU,dU.dU,.
basis independencélhe measure discussed above for the (12
two-flavor case, linear with respect to the individual mass o o
matrix elements, satisfies this property because the change dhe basis independence is imposed only on the left-handed
basis transforms the elements homogeneously as a unitarit§iPton doublets and hence the measure may depend nontrivi-
rotation. In fact, one can show that the distributions are deally onU,. However,U, is an unobservable matrix. We can
termined by the invariant Haar measure over the relevarifitegrate oveit, and obtain an effective weight factor,
group from the requirement of the basis-independence. This

observation allows us to separate the measure over the mass F(m ):j dU.f(m,Uy) (13)
matrix elements in terms of eigenvalues and group transfor- l ety el
mations.
Taking the complex Majorana case as an example, anfjlow we can useUyyns=U; 'U, instead ofU,, and the
mass matrix can be written as translational invariance of the Haar measure guarantees that
du,dU.dU,=dU,dU.dUyns, WhereU, is now unobserv-
M=UDU, (10 al%Ie and its measure can be dropped. The measure simplifies
whereU e U(N) andD =diag(m;,m,, ...,my) is a real di- 0

agonal matrix. Because of the invariance of the meadifte
under the change of basi—VMV', the measuredM

should contain the measure over the grodpthat is invari- o .
ant under the left translatiod —VU. SinceU(N) is a com- ' herefore, the distributions for the MNS mixing angles and

pact Lie group, a left-invariant measure is also right invari-the CP-violating phases are predicted in terms of the Haar
ant. ThereforedU should be the invariant Haar measure Measure again. The only implicit assumption made in this
over the grougJ(N). Then the measuréM can be written argument is that the scan over the charged lepton and neu-

dMdM,=F(m;)g(m,)dm dm, dUyys.  (14)

as trino mass matrices are uncorrelated. We believe that this is
a natural consequence of typical flavor models as the mass

N matrices of the fields with different gauge quantum numbers

dM=f(m,, ... ,mN)iHI dmdU. (11)  are generated independently from different chain of the

Froggatt-Nielsen fields, for example.

Because of this, distributions in the mixing angles are
pirect consequences of the group structure and do not depend
on the details of how one defines the measure. On the other

Here the yet undetermined functibiis symmetric under the
interchange of eigenvalues. In the Appendix it is shown tha
tj‘?nz\gvﬁlgn?t g’:gt;g?ihzhgzi Z?T;Z'r:ir}g; :igggdg(trr?iis ox hand, the measure for the eigenvalues can depend on the
1770 . i ‘details because one can modify the weight fadtom,;

hausts the weight functiofh The only possible change of the fy 9 am;),
measure is to introduce a weight function that depends on____

invariants such as TM'™ and deM. However, such , _ .
weight functions can depend only on thgenvalueof the For the case of the linear measurd(m)=II;;(mj
mass matrix, consistent with the basis independence. There—m,zj)znimh and g(mvl)=Hi<,-(m§i—m§j)nimyl as shown in the
fore the measure over the angles obtained from the HaaXppendix.
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which is a symmetric function of all eigenvalues without such that the full Majorana-type mass matrix is symmetric. It

affecting the basis independence of the measure. is assumed that there is a large hierarchy between the eigen-
values ofM to those ofMz. The mass matrix among the
C. Three-by-three case heavy (dominantly right handedneutrino states is judtig

up to corrections of the order &f3/M%, while that among

For the three-generation case, details are discussed in t e light (dominantly left handedneutrino states is given by

Appendix. Here we merely summarize the results. We de-
compose the linear measure over the real or complex ele-
ments of both Majorana and Dirac mass matrices into the
measure over the angles and the mass eigenvalues.

. . 2 2 . .
For the real Majorana case, the symmetric real mass maid2in up to corrections of the order bfp/Mg. This is the
trix is written asM=0DOT, whereO is SO(3) diagonal- amous seesaw formula. Hereafter we discuss only the com-

MpMg'Mp, (20)

ization matrix andD = diag(m; ,m,,m3). Then we find plex case. By diagonalizing botp=U, DpUg " with Dp
=diag(m;,m,,mz) and Mgr=UyDyU;, with Dy,
dM=(m;—mj,)(my,—m3)(mz—m;)dm;dm,dmsdO, =diag(M,M,,M3), we find the linear measure to be
(15

dMpdMg= (mf—m3)%(m3—m3)2(m5—m})?
wheredO is the invariant Haar measure of t8€X3) group.

For the real Dirac case, the mass matrix is writterivas dU dUg
=0, DO, whereO, g areSQ(3) diagonalization matrices X mympMsdmyd mzdm?’dgold(pzdgo3
and D =diag(m;,m,,m3). Then we find y (Mf— M%)(Mg— M%)(Mg— Mf)
dM = (mf—m3)(m5—m3)(m5—m7)dm;dm,dmd O, dOg. X M M,MsdM;dM,dMadUy, . (21)

(16)
However, the light neutrino mass matrix is then given by
U, DpUg'UyD, UL UL DU, and hencdlg and Uy,
are not separately physical but only the combinatidg,
=U,§1UM . Therefore one can simplify the measure
dUrdUy, to justdU,,. Note that one still needs to diago-
nalize the matrix

Again dO, and dOg are invariant Haar measures for the
correspondingsQ(3) groups.

For the complex Majorana case, the mass matrix is writ
ten asM =UDUT, whereU is aU(3) diagonalization matrix
and D =diag(m;,m,,m3). Then we find

dM=(m2—m3)(m3—m3)(m5—m?)

my Myt
>< —
m;m,msdm;dm,dmsdU, a7 m, Upe Mt
wheredU is the invariant Haar measure of thg3) group. ma Mj*
For the complex Dirac case, the mass matrix is written as m
M= ULDUJ,;, whereU, g areU(3) diagonalization matrices 1
and D =diag(m; ,m,,ms). Then we find XU’ m, (22
ms

dM = (mi—m3)*(m5 —m3)*(m3—mj)?
du. dU to find the mass eigenvalues of the light neutrinos. On the
X mymomadmydmdms—————— . (18) other hand, the measuddJ, can be replaced bgUyys as
deideodes discussed earlier.
In each of the cases, we find that the distributions in the

Because of the reparametrization invariande—U ®,  MNS mixing angles are determined solely by the Haar mea-
Ugr— Ugr® with & =diag(e'?1,e'?2,€'?3), the Haar measure gyre.
dU,dUg is modded out by this invariance.

Finally, we consider also seesaw neutrino mass matrices,
which are arguably the most promising ones in order to ex-
plain the smallness of neutrino masses as well as the most Now that we have learned that the distributions in the
motivated one from the point of view of grand unification. In MNS mixing angles are distributed according to the Haar
this case, we have Majorana-type right-handed neutrino maggseasure, we would like to see how they look. The distribu-
matrix Mr as well as Dirac-type mass matrix between left-tions are different for the&sQ(3) case(real mass matricgs
and right-handed neutrinosly. The full mass matrix is and theU(3) case(complex mass matricgs

D. Distributions in angles

given by First, for the case of real matrices, the distributions in the
MNS mixing angles are given in terms of ti80(3) Haar
0 Mp measurgsee Sec. 2 of Appendix
e ) 19
D R dOo= 008013d 012d 013d023. (23)
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5 5
4 4
8 8 FIG. 1. Distributions in (a)
5 5 sirf26,, or sirf26,; and (b)
sir? 26,5 for the case of real mass

1 1 matrices.

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
(a) sin2 26, or sin2 26,5 (b) sin2 20,5
It is straightforward to plot the distributions against’ss; . E. Typical mass spectrum
In Fig. 1, we show distributions ife) sir® 26;, or sir? 26,3, The mass spectrum from random mass matrices depends

and (b) sir? 26,5. The solid lines show the differential distri- ;, general on the particular choice of the measure unlike the
butions and the histograms show the integrated prObab'I't'ecciistributions in the angles. This is because one can introduce

with the bin size of 0'05.' . : an additional weight factor that depends only on the mass
Second, for the realistic case of complex matrices, the.. . ’ X
LT ) g . . eigenvalues on top of the linear measure as discussed earlier.
distributions in the MNS mixing angles are given in terms of

' In this subsection, we use the linear measure throughout and
the U(3) Haar measurésee Sec. 2 of Appendix show what mass spectrum results from this choice. In order
dU=ds2,dctds2.dod ndeéde,dy dys. (24)  to keep basis independence of the measure, we use the scan-
ning region TMTM=<1. This translates to the condition
Since the angles) and ¢, , are unphysical while the angles mi+ms+mi<1, ie., to the region inside a three-
X1z are Majorana phases relevant only to lepton-number viodimensional sphere.
lating processes, we focus only on ?sm”— as well as the The first distribution we show is the mass spectrum in the
CP-violating parameter sii, which is the dependence egh  complex Majorana case with the measure @&4). The dis-
in neutrino oscillations. It turns out that the distributions in tributions in Dirac and real cases are similar and we focus on
sir? 26, are all the same. In Fig. 2, we show distributions inthis case. We take the conventiori@h; <m,<<m; without
Sir? 26; and siné. The solid lines show the differential dis- loss of generality. In Fig. 3, we show distributions in three
tributions and the histograms are integrated probabilitiegnass eigenvalues. We can see that there is a sharp cutoff at
with the bin size 0.1. m;=1 because of the conditiam?+m3+m3<1. An inter-

The distributions shown in Reff1] used different param- esting point is that the other eigenvalues are often much
etrization of the angles and were consistent with what wesmaller thanO(1), almost a half(ong order of magnitude
show for the case of real matrices except for the followingfor m, (m;). The mass spectrum is somewhat hierarchical.
small correction. There, the elements of the mass matriceBhis is rather counterintuitive as we have o)1) num-
were scanned from-1 to 1 independently, which forms a bers in the mass matrix. One can qualitatively understand
hypercube. But such a scan unfortunately breaks the basikis point as a consequence of two simple facts. The first is
independence as the orientation of the hypercube changes tist one can regard(; ,m,,ms) as a randomly oriented vec-
the basis rotates. This resulted in a small distortion of theor inside the sphere. Consider only the octant where all
distributions, which made them different for Dirac, Majo- components are positive. Then it is easy to see that it does
rana, and seesaw cases. We redid the scan with the samet happen very often to have the vector pointing toward the
programs used in Reffl] with a basis independent boundary center of the octant where all eigenvalues @fd). It often
TrM™™ =1, which forms a hypersphere instead, and veri-fluctuates to be close to one of the planes, where one of the
fied that the distributions obtained from the analytic argu-eigenvalues becomes small compared to others. But having
ments result from numerical scans. two small eigenvalues requires the vector to point close to one

FIG. 2. Distributions in(a)

1 Sir? 20;, or sirf 26,3 or Sirf 26,3
and (b) sin & for the case of com-
plex mass matrices.

0.2 0.4 0.6 0.8 1 -1 -075 -05 025 0 025 05 075 1
(a) sin2 20 (b) sind
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T T can be larger than 1. The smaller hierarchies in the right

T complex Majorana img ] handed Majorana mass matrix and the Dirac mass matrix
C mo ] work together to produce a larger hierarchy in the seesaw
- - mass matrix.

|

! Since the anarchy does not specify the overall scale of the
neutrino mass matrix elements, the useful quantity is the ra-
! tio of two Am? to compare the consequence of the anarchy
and the phenomenology of neutrino oscillation. Figure 5
! shows the ratio of twaAm?: R=(m3—m3)/(m3—m3) for

E ] most of the time ¢90%), but wherR>1, we switch two
|

y

A,

arbitrary scale

- Am? and defineR=(m3—m3)/(m3—m?). We will compare

1 this ratio to the observed hierarchy between thm? rel-
A I, evant to the solar and atmospheric neutrino oscillations. For
101 102 both real and complex mass matrices, the Dirac and Majo-

m rana cases prefer twdm? to be close to each other, while

o ) the seesaw cases prefer a hierarchy betweenAws of

FIG. 3. The distributions of mass eigenvalues for the complex, o\t 4 factor of 20. This behavior could be expected from
Majorana case with the linear measure. the distribution of mass eigenvaluésigs. 3 and 4

OTTNPS

104 108 102

of the axes, which is less likely. The second fact is that the IV. NEUTRINO PHENOMENOLOGY

measure has the factom{—m3)(m3—m3)(m5—m?) that

further pulls three eigenvalues apart from each other. As dis- Now we are in a position to compare the consequences of
cussed in more detail in the Appendix, this factor reflects théhe anarchy to the phenomenology of neutrino oscillation.
fact that the diagonalization matrix becomes undetermined

when two of the eigenvalues become degenerate, and there- A. Is the near-maximal mixing special?

fore it must be there for any choice of the measure. Unless

. One of the initial reaction to the apparent maximal mixing
the unknown weight factor that may be present on top of the : :
X . o X in the atmospheric data is why the nature prefers to be at the
linear measure has singularities when some of the eigenv

|- . . . .
o . . YPoundary of the physical region<sir? 26<1. This observa-
ues coincide, the effect of this factor remains. Therefore,. y phy go .
- . ; . lion led to the widespread notion that the neutrino mass ma-
obtaining small hierarchy among three eigenvalues is a. : . .
rix must have a very particular structure. We point out in

rather general consequence of randgm matrices. .this subsection that this reaction is based on the use of the
The second distribution we show is the mass spectrum ir

: incorrect parameter space. As we have seen above, the cor-
the complex seesaw case, with the measure(EL). Recall P P

that one needs to diagonalize the seesaw mass matrix EC I'$<F?;?rrizztse:z;?hgf?hﬁaoéira%alor?]iten?r?g (?(r)r?iftfogf:nr?e-ter
(22) to obtain mass eigenvalues of ligidominantly left ' P

handed neutrino states. In Fig. 4, we show distributions in Is used, the current atmospheric data do not seem to require

three mass eigenvalues. The hierarchy among the eigenvaaf[]y particular structure.

ues is larger than that in the complex Majorana case. First Or];othlar'[S ih;\lioﬁlggfu&t?ﬁé thﬁ siggﬂgn}owaé:?zlt ;?lglggnltser
all, there is no cutoff amy=1 because the seesaw formula y pny gon,

involves the inverse of the mass matrix. whose eigenvalugf the parameter space. Traditionally, the neutrino oscillation
' ata had been plotted against?s#, but this covers only a

half of the parameter space¥=< =/4 (the light sidg. There
is another halfr/4< < 7/2 (the dark sidg which is physi-
cally distinct from the light side as we will briefly explain
below.

Neutrino oscillations occur if neutrino mass eigenstates
are different from neutrino weak eigenstates. Assuming that
only two neutrino states mix, the relation between mass
eigenstatesy; andv,) and flavor eigenstate$or example,
ve andv,) is simply given by

i I I I
- complex seesaw

m;

arbitrary scale

|v1)=cosb|ve)—sind|v,),

|vo)=sin6|ve) +cosb|v,), (25)

whered is the vacuum mixing angle. The squared mass dif-
ference is defined asm?>=m3— m?. We are interested in the
range of parameters that encompasses all physically different
FIG. 4. The distributions of mass eigenvalues for the complexsituations. First, observe that E@®5) is invariant under
seesaw case with the linear measure. — 0+, |ve)— —|ve), |v,)——|v,) and hence the ranges

104 103 102 107 1 10

—_
o
&3
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[—m/2,7I2] and [7/2,37w/2] are physically equivalent. probability comes out the same in both sides. In the case of
Next, note that it is also invariant und@&——6, |v,)— v,~v, mixing, for instance, one can ask the question if the
—|v,), |v2)— —|vp), hence it is sufficient to only consider mass eigenstate closer to thg state is heavier or lighter. If
0e[0,7/2]. Finally, it can also be made invariant undér one can literally weigh them, this question has a clear physi-
—ml2— 6, |v,)——|v,) by relabeling the mass eigenstatescal meaning. The fact that the vacuum oscillation does not
|vy)|wy), ie., Am>——Am? Thus, we can takeAm?  distinguish both sides is simply due to the focus on one
>0) without loss of generality. All physically different situ- particular physical quantity.

ations are obtained by allowing06< =/2. The very simple

yet often forgotten point that maximal mixing= 7/4 is not B. Atmospheric neutrino data

at the boundary of the parameter space but rather at the cen- .. . . .
ter of the continuum has important implications on the per- Given the fact that the light and the dark sides are physi-

ception. This has already been emphasized in the context (():fally distinct, it is useful t_o plot the prgferred par.ameter
model building[3] range from the super-Kamiokande experiment continuously

For the case of oscillations in vacuum, the survival prob—from 0° 10 90°. In Fig. 6, we show plqts on §ip and sirf 6

ability is given by axes. Eyen though thg preferred region appears very close to
the maximal angle with the si26 plot, it does not on the

Am? other plots. In fact, we argued in the previous section that the

P(ve— ve)=1—Ssir? 203in2( 1.27?L). (26)  plot should be shown on the gth(rather than sih2¢) pa-

rameter.
HereAm? is given in e\?/c*, Eiin GeV, andL in km. In this The plots clearly show that the region preferred by the
case the oscillation phenomenon can be parametrized bi}P€r-Kamiokande atmospheric neutrino data is a somewhat
Am? and sif 26 since @ and w/2— 6 yield identical survival ~ 1arge “blob” at the center of the parameter space and is not
probabilities. Therefore we can restrict ourselves ts@ Necessarily special. At this point, we can say that a random
<m/4, and use the parameter spacen(,sir?2¢) without ~ Mass matrix can well produce the apparent near-maximal
any ambiguity. This is indeed an adequate parametrizatioANdle- In this sense, we have been fooled by the plots on

for reactor antineutrino oscillation experiments, short-Si’ 20 because it shrinks the large-angle region.
baseline accelerator neutrino oscillation experiments, and |Ne atmospheric neutrino data sets the scale for the larger

. . . . . 2 — 3 2
v« v, atmospheric neutrino oscillation experiments. of two Am* to be at 1-& 10"~ eV~.
On the other hand, the effect of matter in neutrino propa-
gation clearly distinguishes the light side from the dark side. C. Solar neutrino data

One such case is the so-called Mikheyev-Smimov- as for the solar neutrino problem, the small hierarchy
Wolfenstein(MSW) effect on the neutrino propagation in the amongAm? in the seesaw cassee Fig. 5 strongly favor

sun. The survival probability of the electron-neutrino is he large mixing angléLMA) MSW solution that requires

given by[4] Am?=10"°-102 eV?, especially its upper en@Fig. 7). Re-
B _ N e call that Am? for the atmospheric neutrino oscillation is at
P(ve—ve)=P1c0S'0+ (1= Py)sim6— (P(1-Pc) 1073-10"2 eV2 as discussed in the previous sectibig. 6).

_ Am? Since we know tha#,; has to be somewhat smaive will
X COS Dy sin 2 cog 2.54——L + 5) , come back to this in the next subsectiomvo-flavor analysis
of the solar neutrino oscillation is basically valid even when
(27) three flavors are considered. For the LMA solution, the mix-
. . . . - ing angle is sihR26=0.5-1. Recent analysis including the
whereP, is the hopp|_ng probapllltya,\,, is the mixing angle dark side suggests ta#—0.15-2[7]. This is the region
gt _the prﬁducupr:j pow&Pé: Pﬁ S'nzaMJr(l_ffPC)COSZem.’ Hand where the distribution ir9,, is indeed peaked. Therefore, it
Is a phase induced by the matter effects, which Is NOfq t5;r 15 say that the LMA solution is “right on the mark”

|mport§mtcfjor our purpolse_s.fSee Il?e{:i,G]rEor nlotation_ One_ for the anarchy with no physical distinction among three
can write down an analytic formula for the e ectron-neutnnogener(,mOnS of left-handed lepton doublets.

survival probability if the electron number density profile in

i i ; —rlrg.
the sun is approximated by an exponentigke : D. Reactor neutrino data

e VSITl_g v The only quantity where the distribution tends to go
Pc= 1—e 7 ' (28) against the experimental data is the angjle. The lack ofv,
disappearance in the reactor neutrino experiments such as
wherey=2mr,Am?/2E. It is easy to check that the survival CHOOZ and Palo Verde had placed a limit Q|
probability is invariant under the simultaneous chadge? = sin 6,3 (in caseAmZ,>Am3;, it is on|Ugy|). In Fig. 8, we
——Am? and 6— m/2— 6, but not individually. Therefore replot the constraint from the CHOOZ experimef8]
the matter effect distinguishes the light and the dark sides.against cos6,5, which is the variable that makes the distri-
It cannot be overemphasized that physics is different bebution flat according to th&J(3) Haar measure. Depending
tween the light and the dark side even if the neutrino propaen the precise value chm? for the atmospheric neutrino
gates in the vacuum. It is just that the vacuum oscillationoscillation, one obtains cb#;5>0.7—0.95. The experimen-
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L real I complex ]
QL r @
[+ ]
a ?
Falin > ietribit
] ® FIG. 5. The distribution of the
= = 5 2
- | 8 seesaw. ratio R of two Am .for real and
© seesaw . _it-.-- ® T complex mass matrices.

i _--2-7" Majoranai” .. Majorana |- ]

104 103 102 101 1 104 103 102 101 1
R=Amzsolar/Amzatm F‘=Amzsolar/Am2atm

tally allowed window is hence 5—30 %. We, however, do notmetry. The charge assignmentSsJ(5)-like:*
see this as a fatal problem for the anarchy. Three out of four

physical quantities, sfiR6,3, sirf26;,, and Am?)/ 10,(+2) 10,(+1) 1050

(Am?) ,,m worked out right on, and the last one needs a little 5*(0) 5% (0) 5% (0)

bit of fluctuation. What this means instead is thh; may =t = =

well be just below the current limit. 1.(0) 1,00 1500 (29

where the subscripts are generation indices andUbg)
V. HIERARCHY flavor charges are given in bold face. TB&J(5)-like mul-
tiplets contain 10=(Q,u‘,e), 5*=(L,d°, and 1=N°
In the previous subsections, we have shown that we exwhere N= vy is the right-handed neutrino state. The idea
pect large mixing angles, quite often maximal, and only ahere is that the hierarchy in the fermion masses and mixings
small hierarchy among mass eigenvalues when there is nare solely due to thd0s. Assuming that th& (1) flavor
fundamental distinction among three generations. The nex@ymmetry is broken by a single parametgf—1)~0.04
obvious question then is what generates small angles and\?, the Yukawa matrices read
large hierarchy for quarks. The charged leptons also have a
large hierarchy in their mass eigenvalues. € € € € € €

The most promising approach to this question is probably v ~| & & e Yo~ € € e
an approximate flavor symmetry. The idea is that there is a Y ) ' d '
new symmetry(and hence a new conservation )atat for- e€ € 1 111
bids all Yukawa couplings but for the top quark. The sym-
metry is assumed to be broken by a small parameter, and €€ € 1 1 1
other Yukawa couplings are _generated only at certain powers Y~ 2 e 1 v~l1 1 1 (30)
of the small symmetry breaking parameter. As emphasized in 5 ' v '
the Introduction, the top Yukawa couplitignd possibly bot- € € 111

tom and tau Yukawa couplings if t@r60 in two-doublet

Higgs models including the minimal supersymmetric stan-where the left-handedright-handed fields couple to them
dard model is regarded as of natural sig¥ 1) and all other ~ from the left(right) of the matrices. There are randdd{1)
Yukawa couplings are small and hence require explanationgoefficients in each of the matrix elements. The property that
The virtue of the approximate flavor symmetry is that it ex-Yd~Y|T is true in manySU(5)-like models. Finally, the Ma-
plains the hierarchical mass eigenvalues as well as the smafirana mass matrix of right-handed neutrinos is

mixings at the same time.

Then our view of the fermion masses and mixings are
simple: there is no distinction among the three left-handed
lepton doubletd;, while there is for right-handed lepton
singletse; as well as quarks. The lack of distinction among
L; would appear anarchical leading to large mixing angles
and small hierarchies in the neutrino sector. However, the
distinction among three; as well as quarks due to their  4rhis charge assignment would prefer a largeamnother pos-
different flavor quantum numbers lead to hierarchical massespility is to assign charge- 1 for all 5s that would prefer a small
and small quark mixing angles. This was the simple modetang. This is consistent with the charge assignment§1d that
presented irf1]. makes superpartners of fields with nonzerd) charges heavy due

The most simple extension of such a model to the whol@o the anomalou/(1) in string-inspired models and the model safe
fermion masses is based on the followidgl) flavor sym-  from flavor-changing constraints.

111
Mg~Mo| 1 1 1}, (31)
111
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8'8(1)9"'!"'I"'I"'I"' 10'3=
0.008 —— 95%CL !
0.007; —— 99%CL !
0.006 | I | |
§ 0.005 i i i i [
> 0.004
Tooos |
< R
ooz | | |
i i i i S] 10_8 E /// E
0.001.|.|.|.|.|.|.|.|.|. E : E
0 0.20.4 0.6 0.8 1 b SuperK 2c exclusion
(@ sin220 10° L g 4
F ——— —— 3
T A It At e A ffttorates == — ]
0.008f —— 95%CL ! Coo 10k 20 e 3
—_ LA { { ) ) { F ——— —e—— 3
ooos| b L L <KVAC/? |
( | ! ! ! ) | ! PEEITETTTT BTSSRI B S A AT TTT B S A TT1T] B S T TTT| B SR
‘; 0.005 /\ 1010'4 10° 10% 107 1 10 10°
B OO ) tan26
“é 0.003 oo N FIG. 7. The : : ;

[ [ R 7. preferred regions from the fit to the solar neutrino
< i i i i i E E : rates super-Kamiokande, gallium experiments, and Homestake,
0.002f | 1 o taken from Ref[4]. Overlaid is the 95% C.L. exclusion from the

f , : . : , . super-Kamiokande day/night energy spe¢8h The angled is ap-
oo oo proximately 8, if 615 is small enough.
0.001}: 'bié'bid'bié'bié' ) "6i8"6i6' '6i4"6i2' | tained in the context of composite modgisl, 13, extra di-
) St éin22é DR menS|qns[13], and anomalou&)(1) [;4]. We certainly do
not claim that the above mass matrices are new. However,
8:8(1)9_ i T before the analysis ifil], these mass matrices had not been
0.008) —— 95%CL Co taken seriously as they were not believed to explain the at-
0.007r —— 99%CL b mospheric and solar neutrino oscillations simultaneously un-
0.006f . less careful adjustments and/or more flavor symmetries are
o 005 imposed in the above-cited papers. Our proposal is that this
% 0.004r | | b simple flavorU(1) symmetry is enough to understand the
vt 0.003 obser_ved pa_ttem of quark, lepton masses, quark mixings, and
E - neutrino oscillations based on the simple assumption that the
< b b O(1) coefficients would appear pseudo-random from the
0.002r | | low-energy point of view.
The above mass matrices would naturally expldinthe
Lo Lo double hierarchy in up quarks relative to the hierarchy in
Co Co down quarks and charged leptorig) V. ,~O(€)~O(\?),
0.001 e 5 04 050607 0805 1 and (3) the similarity between the down quark and charged

©

FIG. 6. The preferred region from the fit to the atmosphericstand:(a) me~m, /3, (b) Me~mgy/3, and(c) Vs~ L2
neutrino data from the super-Kamiokande experiment at 90% ang,5, . "
99% C.L.(a) As presented by the collaboratiofy) the dark side is
added;(c) replotted on sifid. The angled is approximatelyd,; if

6,3 is small enough

sin20

lepton masses. Some concerns with the above mass matrices
would be that the following points may be difficult to under-
rather

. However, in view of the fact that th©(1) coeffi-
cients would seem anarchical from the low-energy point of
view, a factor of 1/3 is quite likely to appear. And ontgis
fluctuated downwards by a factor ef1/3, Vs would fluc-

tuate upwards to-3e, which is enough to understand the

where My~ 10" GeV is the mass scale of lepton-number observed pattern of masses and mixings.

violation.

What if theSU(5)-GUT is true? One can still understand

Interestingly, these mass matrices had been already dithe pseudo-randomness of tB¢1) coefficients in the down

cussed in the literaturel 0], but there has been a perception and lepton masses in the following fashion. Suppose there
that theO(1) coefficients as well as texture zeros have to beare many vectorlike multiplets at the GUT-scale that do not
chosen very carefully. Similar mass matrices had been obsurvive below the GUT-scale simply because of their vector-
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like nature(“survival hypothesis”[15]). However, they can 1T

mix significantly with our quarks and leptons as long as they | CHOOZ | |

share the same flavor quantum numbers. The mixing is likely ; 3

to pick up theSU(5)-breaking order parameter such as the o1 L R 1
vacuum expectation value of tHeU(5)-adjoint Higgs bo- Eo- 195%CL | | i LS

son. Then the resulting low-energy Yukawa couplings would
not respectSU(5) invariance and hence would appear ran-
dom independently between the down quarks and charged
leptons. It is simply that the complexity of physics at the
GUT-scale leads to a pseudo-random nature of @{é)
coefficients from the low-energy point of view.

Note that we could have assigned nontrivial charges to

— EQO%CL§

right-handed neutrino states and would obtain exactly the i allé)wed
same phenomenologies for quarks, charged leptons, and neu- | : | : .
trino oscillations. 0.000% ——— 0% 08 1

What are the probability distributions for mass eigenval-
ues and mixing angles together with the flavor-symmetry
breaking parameters? Even though this question is beyond gig. 8. The limit onés from the CHOOZ reactor antineutrino
the scope of this paper, some comments are in order. Ongillation experiment. It is plotted against d%,.
important point is that th@attern of mass eigenvalues and
mixing angles is insensitivite t®(1) coefficients, while other hand, thdJ.; angle must lie in the 10% tail of the
they are quite sensitive in the case of neutrinos where ngistribution. It is not surprising, however, that three out of
flavor symmetry distinguishes different generations. This iSour observables are right on the mark, while the fourth one
why we had to go through the analysis of basis indepences off at the 10% level. In other words, we expétts; to be
and Haar measure to obtain the distributions in mixingjust below the current limit from the CHOOZ experiment.
angles. On the contrary, qualitative discussions as above ameis is an ideal situation for the future long-baseline neutrino
more or less sufficient for our purposes in the presence of gscillation experiments. Moreove€, P-violating parameter
hierarchy. If one wishes to study the probability distributionssjn s is preferred to be maximal.
guantitatively further, however, one has to define the meau- Anarchy can be easily extended to the charged lepton and
sure as carefully as we did for the neutrinos. One such choicguark sectors. We presented a sim@&J)(5)-like flavor
VQVOUIddbe to require basis independence amef@;, €Qz,  charge assignment that works well phenomenologically.

3 and so on.

cos4 0,5

ACKNOWLEDGMENTS

VI. CONCLUSIONS H.M. thanks Lawrence Hall and Neal Weiner and both of

We have advocated a new approach to build models oS thank Masako Bando, Taichiro Kugo, and Joe Sato for
fermion masses and mixings, namely anarchy. The approadtseful discussions. We also thank Yukawa Institute for The-
relies only on the approximate flavor symmetries and scangretical Physics, Nagoya University and Post-Summer Insti-
the O(1) coefficients randomly. The randomness@l)  tute in Fuji-Yoshida where part of this research was con-
coupling constants is indeed what one expects in models th&lticted. This work was supported in part by the Department

are sufficiently complicated or that have a large number oPf Energy under Contract No. DE-AC03-76SF00098, the
fields mixed with each other. National Science Foundation under Grant No. PHY-95-

This approach is particularly useful for neutrinos. Assum-14797, and the Grant-in-Aid for Science Research, Ministry
ing that there is no physical distinction among three generadf Education, Science and Culture, Jajbin. 12740146 and
tions of neutrinos, we have shown that the probability distri-NO- 12014208
butions in MNS mixing angles could be predicted
independent of the choice of the measure. This is because the APPENDIX: MEASURES
mixing angles are distributed to the Haar measure of the Lie
groups whose elements diagonalize the mass matrices. The
near-maximal mixings, as observed in the atmospheric neu- The measure over the mass matrix elements can be stud-
trino data and is required in the LMA solution to the solaried analytically. We consider Majorana and Dirac cases with
neutrino problem, are highly probable. Even though someboth real and complex matrix elements. The aim here is to
what more dependent on the particular choice of the meadecompose the measure into that over the diagonalization
sure, the distributions in the mass spectrum can also bmatrix and the other over the mass eigenvalues.
worked out. A small hierarchy betweexm? for the atmo- First of all, it is important to note that the linear measure
spheric and the solar neutrinos is obtained very easily; thever the mass matrix elements is invariant under change of
complex seesaw case gives a hierarchy of a factor of 20 asasis. This is because MX N real Majorana mass matrix
the most probable one. Therefore, these three observables dransforms as a symmetric rank-two tensor underQig#l)
nicely consistent with the current experimental data. On theotation of the basisM —OMOT and hence a linear repre-

1. Decomposition of the measures
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sentation. The naivBl(N+ 1)/2-dimensional measudM is N
hence invariant under thi9(N) rotation. Similarly, a com- dM=H_ (miz— mjz)_H m;dmdU. (A5)
plex Majorana mass matrix transforms as a symmetric rank- 1<) =1

two tensor under théJ(N) rotaton M—UMUT, a real o _ .
Dirac mass matrix asN,N) under O(N)xO(N) as M The mass matrix is parametrized B5=UDU"', whereU

—O_ MO, and a complex Dirac mass matrix ahl,{) e U(N). The prefactor can be determined by the same argu-
underU(N)x U(N) asM —U M U;. - ment as in the real Dirac case because the sign of an eigen-

This observation allows us to separate the measure ov¥@lué can be flipped by ad(N) rotation diag(1. . .,1j,1,

the mass matrix elements in terms of eigenvalues and group- - ,1).However, this does not saturate the dimension of the

transformations. Starting with the real Majorana case, anj€asure, leaving additional powers of the eigenvalues.
mass matrix can be written as Only such an additional factor that is symmetric under the

interchange and is also invariant under the change of the sign

M=0DO', (A1) of an eigenvalue up to an overall sign is the product of all
eigenvalues]I=iNm, . Therefore, the above parametrization
where O e SQ(N) and D =diag(m;,m,, ... ,my) is a real is unique.

diagonal matrix. Because of the invariance of the measure Finally, the complex Dirac case gives

dM under the change of basié —O;M OI, the measure

dM should contain the measure over the grd@p which is N dU, dUg

invariant under the left transformatio®—0,0. Since dm=]] (miz_mjz)z_].—.[ mdm—x——.  (A6)
SQO(N) is a compact Lie group, a left-invariant measure is ) 1 H de,

also right invariant. ThereforaJO should be the invariant [ '

Haar measure over the grog®O(N). Then the measur@M

can be written as The parametrization iM=U, DU~ . The prefactor is based
on the same argument as the real Dirac and complex Majo-
rana cases, and the reason the mjz) factor is squared is
becauseU(2) subgroups ofU, and Ug rotations are not
independent whem;=m; . We verified this forN=2, and

Here the yet undetermined functidiis symmetric under the this. conjecture appears to be .the unigue generalization to
interchange of eigenvalues. However, when two of the eiger@rPitraryN. The group measure is modded out by the follow-
values coincide, £0(2) subgroup of theSO(N) becomes Ng  transformation U g—TU_ g,  where T

iil defined and we expect zeros in the functibrTherefore, = diage'*1,e'?2, ... '), because this simultaneous

foeIIfL;(m;—m;). This factor already saturates the dimen-change ofJ, andUg does not change the mass matiix
sion of the measure. and hence Note that we do not quite know on what measure we

should regard the mass matrix elements to be random. The

N
dM=f(m,, ... my[] dmdo. (A2)
=1

N measure we discussed above, namely, the linear measure
dm=]] (mi_mj)H dmdO (A3)  over the mass matrix elements may not necessarily be the
i<] i=1 correct measure. However, the requirement of the basis in-

dependence implies that the invariant Haar measure is cer-
up to a constant normalization factor. As we will see below,tainly a part of it. The only possible modification of the
this simple expression allows us to study the distributions irlinear measure discussed above is a weight function that de-

the mixing angles and eigenvalues very easily. pends on the symmetric polynomials of the eigenvalues.
A similar consideration for the real Dirac case leads to theTherefore, the distributions on the mass eigenvalues can
following measure: change from the linear measure to the correct one, but the
distributions on the mixing angles cannot.
N
= 2_m? .
dM LII (m; ml)iﬂl dmdO,_dOg. (A4) 2. Haar measures

o ) T The invariant Haar measures 800(3) andU(3) groups

Here, the mass matrix is parametrizedMs=0,DOg and  relevant to our study can be obtained once their parametri-
dO, r are Haar measures of bd@(N) factors. If we restrict  zation is fixed.
Oy r matrices toSQ(N), we must allow both positive and  First define theright) Maurer-Cartan forms on the group
negative eigenvalues. However, in the vicinity ©f k=1,  manifold G
one can change the basis by a@®(N) rotation
diag(1...,1~1,1,...,1) to flipsign of one of the eigen- w?=—i TrT2U~'du, (AT)
values and hencey;= —m; should give a singularity as well
as m=m;. Therefore, the prefactor should ®<j(m? whereU € G. Here,T? are Hermitian generators. It is easy to
- mjz), which saturates the dimension and hence is unique upheck that these forms are trivially invariant under the left
to a normalization constant. translation of the group —UyU. Under the right transla-

The complex Majorana case is given by tionsU—UU,, however, they transform among each other
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wa_,ogbwb, (A8)  up to an overall normalization factor. Note that the measure
is flat in #,, and 6,5 similarly to the two-generation Majo-
where rana case discussed earlier. Therefore, these distributions are
1 o peaked in sifi26;, and sirf 26,5 both at 0 and 1. The mea-
UoT®Uy =0T (A9)  sure is different forgys, being in the middle among three

rotations. The reason why the measure is degenerate when

Note that Og IS an orthogqnal matrix, Wh'Ch 3 easily 015— /2 is that 6,, and 6,3 are not independent at this
checked by doing a successive left translatlonl.t&/l. Be- oint

cause the Maurer-Cartan forms transform homogeneously by Fdr U(3), take a similar parametrization
an orthogonal matrix, the following combination '

dU=€a, o @3 N0\ A0™  (AL0) 1o 0
U= ei ”ei d1hztidoNg| QO Cosz So3

is invariant under the right translations. Heg,a,.. 5, IS
the totally antisymmetric tensor. This measure is invariant
because of the orthogonal nature of the transformation and Ci3 0 si&
becauseN=dimG. « 0 1 0
For SO(3), take the conventional parametrization

0 —sp3 Cy3
—is

—51€'° 0 Cp3
C S O
x| =S Cqp 0| glxiratixars (A13)
0 0 1

1 0 0 Ciz 0 sq35
O=| 0 <cCco3 Sx 0 1 O
O —sSp3 Cp3/ \ =s13 0 cCy3
Ciz S;2 O

where \;=diag(1~1,0) and rg=diag(1,1-2)/\/3 are

x| —s12 €12 O : . UM :
Gell-Mann matrices. This parametrization is designed to

0 0 1 make the angle, ¢;,, x1,unphysical except for the Ma-
jorana phases in possible lepton-number violating processes.
C1.C S1,C S
12713 12713 13 Then the Haar measure is given by
=| TS120237C12523513  C12C237S12528513  S23C13 |,
$12S237 C12C23813  —C125237 812023513  C23C13 dU=dsidcidssdsdndp de,dy,dy,  (Ald)

All — .
(A1) up to an overall normalization factor. For the Dirac mass

wherec,,=cosb,,, etc. Then the Haar measure is given by matrices, we need to mod out linear combinations;pfy
x2 from U andUg, but this does not affect the measure for

dO=c0s613d 60150613063 (A12)  physical angle®,, 613, O3, .
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